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A Riemann-Hurwitz Formula for Hypermaps Congruences 
LEO CACCIARI 
A combinatorial analogous of the Riemann-Hurwitz formula is proved for the quotient of 
hypermaps with respect to a congruence. In the special case of a pseudoregular congruence this 
leads to a generalization of a result of Hurwitz. 
1. INTRODUcnON 
In [5J Machi has proved a combinatorial result analogous to the Riemann-Hurwitz 
formula. His formula connects the genus g of a hypermap and that, g', of its quotient 
with respect to an automorphism group A, and is as follows: 
2g -2 = IAI (2g' -2 + ~ (1-~)), (1) 
where r is the number of orbits of cells and, for each cell Ci ' i = 1, ... , r, h i is the order 
of the stabilizer of Cj in A. 
In this work we introduce the notion of a quotient hypermap with respect to a 
congruence (to be defined below) and we prove a generalization of the Riemann-
Hurwitz formula for such a quotient. This will allow us to prove certain results that are 
extensions of analogous ones for quotients with respect to automorphism groups. For 
instance, we shall prove that the genus of a quotient hypermap is always less than or 
equal to the genus of the original hypermap. 
In the special case of pseudoregular congruences, which includes the case of 
automorphism groups, we prove a special form of the Riemann-Hurwitz formula , that 
becomes that of Machi in the case of automorphism groups. This will lead us to a 
combinatorial generalization of a theorem of Hurwitz, namely that for a pseudoregular 
congruence R of a hypermap of genus g ~ 2 we have that the common cardinality IIR II 
of the R-classes is bounded above by 84(g - 1). 
NOTATION. We always write functions on the right of arguments, so that composi-
tion is to be read from left to right. 
If y is a permutation of the set S, then z(y) is the number of cycles of y, counting 
the trivial ones. If s E S, sy* is the set 
sy* = {syk, k E &:'}. 
If E !;; S x S is an equivalence relation on the set S, we write sEs' for (s, s') E E. 
For any n in the set ~ of natural numbers we write [n J for the set of natural numbers 
greater than zero and not greater than n: [n J = {h E ~ , O < h ..:; n}. 
We write lSI for the cardinality of the set S. 
2. HYPERMAPS 
A hypermap is a triple H = (a, a', B), where B is a finite set of darts and a, a' are 
two permutations of B generating a transitive group. In the special case where a' is a 
fixed-point-free involution, H is a map. 
As shown in [1,2J a hypermap is a representation of a hypergraph drawn on a 
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Riemann surface. With this geometrical interpretation in mind one calls the cycles of 
a, a and £1'a, respectively, vertices, edges and faces of H = (a, a, B). The definition of 
the genus of H = (a, a, B) also comes from the geometrical interpretation: 
g(H) = 1 + !(IBI- z(£1') - z(a) - z(£1'a», (2) 
which becomes the Euler formula in the case of a map. It can be proved by 
combinatorial means that the number defined by (2) is a non-negative integer [4]. 
When g(H) = 0, the hypermap is planar. 
Finally, we recall that an automorphism of H = (a, a, B) is a permutation qJ of B 
such that 
qJa = aqJ, qJ£1' = £1'qJ. 
It is well known that, the group generated by a and a being transitive, a group 
A ~ Aut(H) of automorphisms of H acts freely on B (i.e. if qJ E A is such that bqJ = b, 
some b, then qJ is the identity). This implies that the A-orbits all have the same 
cardinality, namely IA I. 
3. CONGRUENCES 
Let H = (a, a, B) be an hypermap. A congruence on H is an equivalence relation 
R s;; B X B that it is closed by a and a; that is, for d, d' E B, 
dRd' ::} {d£1'Rd' a, 
daRd'a. 
The basic example of a congruence is that of the automorphism congruence. Let A 
be a subgroup of Aut(H). We say that d, d' E B are congruent (mod A), and we write 
d =-A d', if there exists qJ E A such that d' = dqJ. In the special case in which 
A = Aut(H) we simply write d =- d' instead of d =-Aut (H) d'. 
Our first result is the following. 
PRoPosmON 1. Let R be a congruence of H = (a, a, B) such that 
dRd'::}d =- d'. 
Then there exists A ~ Aut(H) such that 
dRd'~d=-Ad'. 
PROOF. Let 
A = {qJ E Aut(H) S.t. dR(dqJ), some dEB}. 
(3) 
(4) 
(5) 
We claim that A is the subgroup of Aut(H) we are looking for. The fact that A is a 
subgroup is simply a consequence of the definition of a congruence. Let us prove that 
(4) holds. If dRd' then, by (3), there exists qJ E Aut(H) such that d' = dqJ. By (5), 
qJ EA and so d=-A d'. Conversely, if d' = dqJ some qJ EA then there exists do such that 
doRdoqJ. Let l" E (a, a) be such that d = dol". As R is a congruence we obtain 
dRd'. 0 
Proposition 1 can be restated as follows: 
If R is a congruence smaller (in the congruences lattice) of the automorphism 
congruence then R is itself an automorphism congruence. 
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We have seen that all A-orbits (A ~ Aut(H» have the same cardinality. The 
following proposition shows that the same happens for any congruence. 
PRoPosmoN 2. Let R be a congruence over H = (a, a, B) and let d 1 , d2 be two darts 
ofH. Then 
I[ddl = l[d2]1· (6) 
PROOF. Let T E (a, a) be such that d2 = dtT. Then 
is clearly a bijection. 0 
If R is a congruence we write II R II for the common cardinality of all R -classes. 
4. QUOTIENT HYPERMAPS 
Let .H = (a, a, B) be a hypermap and let R be a congruence over H. For [d] in B I R 
set: 
[d]a' = fda], [d]a' = fda]. 
It is clear that a' and a' are well defined permutations of the set B I R of R -classes 
and that the group they generate is transitive. It follows that HIR = (a', a', BIR) is a 
hypermap, which we call the quotient of H with respect to the congruence R. 
It is to be remarked that if R is the congruence induced by a group A of 
automorphisms of H then our definition of a quotient hypermap agrees with the 
classical one [5]. 
5. THE RIEMANN-HuRWITZ FORMULA FOR A CONGRUENCE 
Let R be a congruence of the hypermap H = (a, a, B) and let H' = (a', a', B I R) be 
the quotient hypermap HI R. If v' = [d]a' * is a vertex of H', v' can be considered as a 
set of darts, namely the set [da*] of darts that are congruent to del', for some k. If the 
dart d' is in [da*] then, as R is a congruence, the whole vertex d' a* is contained in 
[da*]. This means that [da*] breaks up into vertices. The degree dv ' of v' is defined as 
the number of vertices composing [da*]. Exactly in the same way, we can define the 
degree de of a cell (i.e. a vertex, an edge or a face) of H' as the number of cells (of the 
same type as c) in which the set [c] of darts congruents to same dart of c breaks up. 
Clearly, the degree of the cell c is at most IIRII. If, for instance, c is the vertex 
[dda'* and if d;, i = 1, 2, ... , IIRII is a complete list (without repetitions) of the darts 
that are congruent to d t , then d;a*, i = 1, 2, ... , IIR II is a complete list, possibly with 
some repeated elements, of the vertices composing [d1a*]. We define the deficiency {)e 
of the cell c as the non-negative integer 
We now come to the general form of the Riemann-Hurwitz formula. 
THEOREM 1. Let R be a congruence on the hypermap H = (a, a, B). Let g be the 
genus of Hand g' that of the quotient hypermap HI R. Then 
2g - 2 = IIR II (2g' - 2) + L {)e, (7) 
e 
where c runs over the set of cells of the quotient hypermap. 
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PROOF. Let C be the set of cells of HI R. Then we have: 
Now 
IIRII (2g' - 2) = IIRII (lBIRI- z(a') - z(a') - z(a' a'» 
= IBI - IIR IIICI . 
ICI URII = 2: IIRII = 2: (c5c - de> = 2: c5c + z(a) + z(a) + z(aa), 
c c c 
and formula (7) follows by a straightforward calculation. 0 
From the Riemann-Hurwitz formula (7) we obtain the following result that 
generalizes that of [5]. 
PRoposmoN 3. With the same notation as that of Theorem 1 we have 
g'''''g. 
Equality can only hold if g .." 1 or R is the trivial relation dRd' iff d = d'. 
PROOF. Let X = 2 - 2g and X' = 2 - 2g'. Then formula (7) becomes 
X = IIRII X' - 2: c5c ; (8) 
c 
that is, 
Now, for any cell c of the quotient hypermap we have 
Thus, 
(9) 
Now if X is 2, by (8) we obtain the result that X' is greater than zero. This is possible if, 
and only if, X' is also 2, so that g = g' = 0 in this case. In the case X.." 0 it follows from 
(9) that X' ~ X, as IIR II ~ 1. If X = X' formula (8) gives 
(IIRII- l)X = 2: c5c ~ o. 
c 
This equality can only hold if IIR II = 1 (i.e. R is the trivial congruence) or if X ~ 0; that 
is, g"" 1. 0 
PRoposmoN 4. Let Rand S be two congruences of H = (a, a, B) such that R ~ S. 
Then 
g(HI R) ~ g(HI S). 
PROOF. It is sufficient to apply Proposition 3 to the hypermap H' = HI R and to the 
congruence S' = SIR of H' defined by [d]S'[d'] iff dSd', and to remark that the 
hypermaps H'IS' and HIS are isomorphic. 0 
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6. THE PSEUDO REGULAR CASE 
We will call pseudoregular a congruence R such that the cycles of a, a and aa 
containing two congruent darts have the same length, i.e. if dRd' then: 
Ida*1 = Id' a*l, Ida*1 = Id' a*l, Id(aa)*1 = Id'(aa)*I· 
It is easily seen that a congruence induced by an automorphism group is 
pseudoregular. There are, however, pseudoregular congruences that are not induced 
by automorphism groups, as the following example shows. 
EXAMPLE 1. Let H = (a, a, B) be the hypermap of Figure 1. The set of darts is the 
set B = [8], a is the cyclic permutation (1,2,3,4,5,6,7,8) and a is the fixed-point-
free involution (1,3)(2,4)(5,7)(6,8). 
As the permutation aa only has one cycle it is clear that the total congruence is 
pseudoregular. Now, Aut(H) is not transitive (for instance, there is no automorphism 
taking 1 to 2) so that the congruence induced by Aut(H) is not the total one. 
In the above example the hypermap has genus 2. When g(H) = 0, the planar case, 
Fontet [3] has proved that the greatest pseudoregular congruence coincides with the 
congruence induced by Aut(H). So, in the planar case, all pseudoregular congruences 
are induced by an automorphism group (see Proposition 1 above). 
It is to be noted that we cannot simplify the definition of a pseudoregular congruence 
by omitting the condition Id(aa)*1 = Id'(aa)*I, as the following example shows. 
EXAMPLE 2. In the planar of Figure 2 all vertices have length 3 and all arcs have 
length 2. However, the total congruence is not pseudoregular, as there are two faces of 
length 1 and one of length 4. 
If R is any congruence of the hypermap H= (a, a, B) and if v' = [d]a'* is a vertex 
of the quotient hypermap then the length of the vertex da* is a multiple of that of v'. 
If R is pseudoregular then all vertices which compose [da*] are of the same length as 
do*. If I is this length we have, for the degree of v', the simple expression: 
l[da*]1 I' 
d,,'=-I-=7/1R/I , 
where I' is the length of v'. If we define the index of v' as the quotient 
I Ida*1 
£ • = - = -::'-:---''-
v I' l[d]a'*1 
8 
FIGURE 1. 
FIGURE 2. 
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then we can write the deficiency of v' as 
bv ' = IIRII- dv ' = IIRII (1-~). 
Lv' 
In the same way we can define the index, Le' of a cell c' of HIR by 
Le' = Icl/lc'l , 
where c is anyone of the cells of H in which c' breaks up. Then we have the 
expression 
be' = IIRII (1-~) 
Le' 
(10) 
for the deficiency of c' . Substituting (10) into (7) we have the following: 
THEOREM 2. Let R be a pseudoregular congruence of the hypermap H = (a, «, B). 
Let g be the genus of Hand g' that of HI R. Then 
2g - 2 = IIR II (2g' - 2 + ~ (1 - t) ) , (11) 
where c runs over the set of HI R cells. 
The Riemann-Hurwitz formula (11) its similar to formula (1). We now prove that 
(11) actually reduces to (1) when R is the congruence induced by a group of 
automorphisms. This is done in Proposition 5 below: 
PROPOSITION 5. Let R be the congruence of H = (a, «, B) induced by the group 
A .;:; Aut(H) and let c be a cell of H. Then the order of the stabilizer of c in A is Le ·, 
where c' is the image of c in the quotient hypermap HI R. 
PROOF. Let c be the vertex da*; then c' is the vertex [d]a'* of HIR. To prove that 
the order of the stabilizer of c is Le' it is sufficient to recall from [5] that the stabilizer of 
c is a cyclic group generated by the automorphism qJ taking d into do", where k is the 
smallest positive integer for which such an automorphism exists. Now, k is exactly the 
order of c' = [d] a ' *, and the order of qJ is the smallest positive integer h such that 
dqJh = d; that is, Le' . The proof in the case where c is an edge or a face is similar. 0 
Exactly with the same proof as that for a quotient with respect to a group of 
automorphisms in [5], we have the following corollary of Theorem 2 
THEOREM 3. Let R be a pseudo regular congruence of the hypermap H = (a, «, B) 
and let the genus g of H be greater than 1. Then 
IIRII.;:; 84(g -1). 
As an interesting consequence of Theorem 3 we have that if a hypermap of genus ~2 
has the automorphism group of maximal possible cardinality 84(g - 1) then the 
congruence induced by the automorphism group is the maximal pseudoregular 
congruence. To prove this, simply observe that if I is the maximal pseudoregular 
congruence then the I-classes are unions of orbits of the automorphism group A. Now 
the I-classes all have the same cardinality 11/11 and 11/11.;:; 84(g - 1) = IAI by (13). As all 
congruence classes in the automorphism congruence have cardinality equal to IA I we 
have the result. 
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We recall that in [5] a hyperroap is called regular if its vertices, edges and faces have 
the same length. Then, still as a corollary of Theorem 3, one can prove the following 
result of [5]: 
PROPosmON 6. A regular hypermap H = (a, a, B) of genus g;:;. 2 can only exist if 
IBI ~ 84(g - 1). 
PROOF. Simply remark that , H being regular, the total congruence T = B x B is 
pseudoregular. The congruence T has only one class, namely B itself, so that from 
Theorem 3 we have: 
IBI = II Til ~ 84(g -1). 0 
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